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Abstract 



The integrated Brownian motion is sometimes known as the Langevin process. 
Lachal studied several excursion laws induced by the latter. Here we follow a different 
point of view developed by Pitman for general stationary processes. We first construct 
a stationary Langevin process and then determine explicitly its stationary excursion 
measure. This is then used to provide new descriptions of Ito's excursion measure 
of the Langevin process reflected at a completely inelastic boundary, which has been 
introduced recently by Bertoin. 



L'integrale du mouvement Brownien est parfois appelee processus de Langevin. 
Lachal a etudie plusieurs lois d'excursions qui lui sont associees. Nous suivons ici un 
point de vue different, developpe par Pitman, pour les processus stationnaires. Nous 
construisons d'abord un processus de Langevin stationnaire avant d'en determiner 
explicitement la mesure d'excursion stationnaire. Ce travail permet alors de fournir 
une nouvelle description de la mesure d'excursion d'lto du processus de Langevin 
reflechi sur une barriere inelastique, introduit recemment par Bertoin. 

Key words. Langevin process, stationary process, excursion measure, time-reversal, 
^-transform. 
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1 Introduction 

The Langevin process in a non-viscous fluid is simply defined as the integrated Brownian 
motion, that is: 
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where W is a Brownian motion started an arbitrary v G M (so v is the initial velocity of 
Y). The Langevin process is not Markovian, but the pair Z = (Y, W), which is sometimes 
known as the Kolmogorov process, enjoys the Markovian property. We refer to Lachal [7J 
for a rich source of information on this subject. 

Lachal [7j has studied in depth both the "vertical" and "horizontal" excursions of 
the Brownian integral. The purpose of this work is to follow a different (though clearly 
related) point of view, which has been developed in a very general setting by Pitman 
Specifically, we start from the basic observation that the Lebesgue measure on M 2 
is invariant for the Kolmogorov process, so one can work with a stationary version of the 
latter. The set of times at which the stationary Kolmogorov process visits {0} x M. forms 
a random homogeneous set in the sense of Pitman, and we are interested in the excursion 
measure Q ex that arises naturally in this setting. We shall show that Q ex has a remarkably 
simple description and fulfills a useful invariance property under time- reversal. We then 
study the law of the excursions of the Langevin process away from conditionally on its 
initial and final velocity, in the framework of Doob's /i-transform. Finally, we apply our 
results to investigate the Langevin process reflected at a completely inelastic boundary, 
an intriguing process which has been studied recently by Bertoin [21 E] ■ In particular we 
obtain new expressions for the Ito measure of its excursions away from 0. 



2 Preliminaries 

In this section we introduce some general or intuitive notations and recall some known 
results that we will use later on. We write Y for the Langevin process, W for its derivative, 
and Z for the Kolmogorov process (Y, W), which, unlike Y, is Markovian. 

The law of the Kolmogorov process with initial condition (x,u) will be written f xu , 
and the expectation under this measure Here, the exponent + refers to the fact 

that the time parameter t is nonnegative. We denote by p t (x,u;dy,dv) the probability 
transitions of Z, and by p t (x, u; y, v) their density. For x, u,y,v G K, we have: 

Pt(x, u\ y, v)dudv := pt(x, u\ dy, dv) := F* u (Z t G dydv). 
These densities are known explicitly and given by: 



p t (x,u;y,v) = — -exp 



Tit 2 



6 6 2 

— (y -x- tu) 2 + —(y-x-tu)(v-u)- -(v - u) 2 . (2.1) 



One can check from the formula that the following identities are satisfied: 

p t (x,u;y,v) = p t (0,0;y-x-ut,v-u), (2.2) 

p t (x,u;y,v) = p t (-x,-u;-y,-v), (2.3) 

p t (x,u;y,v) = p t (x,v;y,u). (2.4) 

A combination of these formulas gives 



2 



p t (x,u;y,v) = p t (y,-v;x,-u), (2.5) 

that we will use later on. See for example the equations (1.1), p 122, and (2.3), p 128, in 
[7j, for references. 

The semigroup of the Kolmogorov process will be written P t . If / is a nonnegative 
measurable function, we have: 

Ptf(x, u) := Ej iU (f{Y t , W t )) = \ dydvp t (x,u;y,v)f(y,v). 

Jm? 

The law of the Kolmogorov process with initial distribution given by the Lebesgue 
measure A on M. 2 will be written P^. It is given by the expression: 

P+= / X(dx,du)F+ u . 
Jr 2 

Although A is only a cr-finite measure, the expression above still defines what we call 
a stochastic process in a generalized sense (this is a common generalization, though). We 
still use all the usual vocabulary, such as the law of the process, the law of the process at 
the instant t, even though this laws are now cr-finite measures and not probabilities. 

Finally, we recall the scaling property of the Langevin process: 

Ku(F((Yt)t>o)) = Ek, feu (F((A:- 3 n 24 ) 4 >o)), (2.6) 
where F is any nonnegative measurable functional. 

3 Stationary Kolmogorov process 

The stationary Kolmogorov process is certainly not something new for the specialists, as it 
is known that A is an invariant measure for the Kolmogorov process. This section still gives, 
for the interested reader, a rigorous introduction to the stationary Kolmogorov process, 
including a duality property that allows us to consider the effect of time-reversal, which 
will be a central point of this paper. 

3.1 Stationarity and duality lemmas 

We write A for the Lebesgue measure on M. 2 . 

Lemma 1. For any nonnegative measurable functions f, g on M. 2 and every t > 0, we have: 

E+(f(Y t ,W t )) =E+(/(y ,Wo)), 

and: 

E+(/(y , W )g(X t , W t )) = E+(/(y t , -W t )g(Y Q , -W )). 
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This lemma states the (weak) stationarity of the measure A and a duality property of 
the process under this measure. 

Proof. Let / be a nonnegative measurable function on M 2 , and t be a positive real number. 



E+(f(Y t ,W t )) := / dxduE+ u (f(Y h W t )) 

dxdu / dydv pt(x,u;y,v)f(y 7 v) 

dydvf(y,v) dxdu pt(y, —v; x,u) 




dydvf(y,v) 

= E+(/(Y ,W )), 

where in the fourth line we made the simple change of variables u — > —it. 

For the second part, let / and g be two nonnegative measurable functions, and t a 
positive real number. 

E+(f(Y ,W )g(Y t ,W t )) 

dxduf{x 1 u) I dydv p t (x,u;y,v)g(y,v) 




dxdudydvf(x, —u)g(y, —v) Pt(x, —u; y, —v) 

dvd v 9 (y, -v)fd X duf(x,-uMv,v.^) by « again 
= E+(g(Y ,-W )f(Y„-W,)). 
The lemma is proved. □ 
We immediately deduce the following corollary. 

Corollary 1. For any t > 0, we have: 

1) Stationarity: The law of the process (Y t+S , W t+s ) s >o under is P^~. 

2) Duality: the laws of the processes (Y t _ s , — W t - s )o< s <t o,nd (Y s , W s ) < s < t under P^" 
are the same. 

This corollary provides a probabilistic interpretation of the stationarity and the duality 
property, here stated in a strong sense. Strong sense means that we consider here the 
whole trajectory and not merely the two-dimensional time-marginals. We thus see that 
the stationarity is a property of invariance of the process by time-translation, and that the 
duality is a property of symmetry of the process by time- reversal. 
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Proof. As the processes we consider are continuous, their laws are determined by their 
finite-dimensional marginals. The strong stationarity is a simple consequence from the 
weak stationarity and the Markov property, while the strong duality needs a bit more 
work. Let n e N, let = t < t\ < ... < t n be real numbers and let fo, f\, /„ be n + 1 
nonnegative measurable functions. We have to prove that the following equality is satisfied 
(recall Z = (Y,W)): 

E£[/o(Z )/i(£0-»/»(^)] = E+I/nCZo)/^!^-^).../!^-*,)^^))]. (3.1) 

This is checked by induction on n. For n = 1, this is nothing else than the weak duality. 
We suppose now that the identity (13. ip is true for any integer strictly smaller than n. We 
have: 



E+[f (Z )f 1 (Z h )...f n (Z tn 
E+[/o(Z ).../ n _ 1 (Z tn _ 1 )E+ n _ i [/ n (Z tr( _ tji _ 1 )]] 

E A [^Z [fn( Z t n -t n ^ 1 )]fn~l(Z Q )f n ^2(Zt n _ 1 -t n ^)---fo(Z tn _ 1 
fniZtn-tn-l^Zo [fn-l(Zo)fn-2(Z tn _ 1 - tn - 2 )---fo(Z tn _ 1 
/n(Zo)Ej^_ t ^ i [/„_i(Z )/„_2(Z tn _ 1 _ tn _ 2 ).../o(Z tn _ 1 

E+[f n (Z )f n „ 1 (Z tn _ 1 )...f (Z tn )]. 



To get the second equality, we used (13.11) with the functions fo, f n -2 and f n -i : (x, u) — > 
/ n _i(x, m)E+ u [/„(Zt n _ tn _J] . To get the fourth equality, we use the weak duality with times 
and t n — £ n _i. 

This completes our proof. □ 



3.2 Construction of the stationary Kolmogorov process 

We are ready to construct the stationary Kolmogorov process with time parameter i el. 
First, we construct a process indexed by K with a position (x,u) at time 0. The process 
(Z t ) tm = (Y t , W t )tm is such that (Y t , W t ) tm+ has the law P+ u and (YL 4 , -W- t )tm+ is an 
independent process and of law The law of the process (Z t ) teR will be denoted by 

P 

Definition 1. The stationary Kolmogorov process is the generalized process of law Pa given 
by: 



Pa 



dxduF x u . 



(3.2) 



Lemma 1 and Corollary 1 still hold if we drop the superscript +. We stress that the 
stationary Kolmogorov process has a natural filtration given by Tt = o~({Z s }_ OQ<s < t ) = 
c({Y s }_ 00<s < t ). If (Z t )t£w. — (Yt, W t )teR, we call conjugate of Z and write Z for the process 
(Z t ) tm = (Y t ,-W t ) tm . 



5 



Lemma 2. The stationary Kolmogorov process has the following properties: 

1. Under F\, The processes Z and (Z_ t ) have the same law. That is, the law Pa is 
invariant by time-reversal and conjugation. 

2. Under F\, the processes (Y t , W t )tm and (Y to+t , Wt +t)teR have the same law for any 
t E K.. That is, the law Pa is invariant by time-translation. 

3. The process Z is a stationary Markov process under F\. 

Proof. (1) Let us consider Z a process of law P Xjn . It is immediate from the definition that 
the conjugate of the time-reversed process, that is (Z_t) igR , is a process of law P Xi _ u . The 
result follows. 

(2) Let us write P A ° for the law of the process (Y to+t , Wt +t)tm under Pa, and let us 
suppose in this proof that t Q is positive. We want to prove that P A ° and Pa are equal. It 
is enough to prove that for any suitable functional /, g and h, the expectations of the 
variable 

f{(Y t )t<- t0 ) g{(Y t )- t0 < t < ) h((Xt)o<t) 

under these two measures are equal 0- On the one hand, we have: 



Ei o [/(m)*<-*o)^m)^o<*<o)^(m)o< 4 )] 

E x [f((Y t ) t < )g((Y t )o< t <tM(Yt)t <t)] 

E\ Ey 0)M /- [/((^t)i<o)] Ey 0j vi/o [g{(Y t )o< t < to 

o<t<t to<t. 
E A [F(Y , Wo) g{(Y t )o< t < to ) H(Y to , W to 



where we wrote F(x,u) = E X)U [f((Y t ) t < )] and H(x,u) = E XjU [h((Y t ) to <t)] ■ To get the 
third line we use the independence of (Y t ) t <o and (Y t ) t > conditionally on (Y , Wo) and the 
Markov property of (Y t ) t >o at time to- 
On the other hand, we have: 



t<-t )g{{Yt)~ta<t<o)h({Y)o<t)\ 

= E x [E Y _ to , w _ to [f((Y t ) t < )]g((Y t ) )E Yo , Wo [h((Yt)o<t)}] 
= E x [F(Y. t0 ,W. t() ) g((Y t ) )H(Y ,Wo)\ 
= E A [H(Y , Wo) gm o -t)o<t<t ) F{Y to , W to )] , 

where F and H are defined above and we used the time-reversal invariance property for 
Pa to get the last line. 

1 We take only functional of Y and not of W. This is in order to make the notations simpler and has 
no incidence, as W can be recovered from Y by taking derivatives. 
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Now, the fact that the two expressions we get are equal is a direct consequence of the 
duality property stated in a strong sense. 

(3) In this third statement the important word is the word Markov, not the word 
stationary. Indeed the Markov property for negative times is not immediate in the defi- 
nition of Pa- But the Markov property for positive times is, and this combined with the 
stationarity immediately gives the Markov property for any time. □ 

In the following, we will speak about the stationary Kolmogorov process for the process 
(Y, W) under P\, and about the stationary Langevin process for the process Y under P^. 

Before speaking about excursions of these processes, let us notice that we could have 
constructed the stationary Kolmogorov process starting from time — oo with using just the 
stationarity (and not the duality). The way to do it is to consider the family of measures 
(*P^) t < , where *P A h is the measure of the Kolmogorov process starting from the measure 
A at time t . The stationarity gives us that these measures are compatible. We thus can 
use Kolmogorov extension theorem and construct the measure starting from time — oo. 

In this construction, though, the nontrivial fact is that the process is invariant by 
time-reversal, and we need the duality property to prove it. 

4 Excursions of the stationary Langevin process 

Until now we considered the Langevin - or the Kolmogorov - process on an infinite time 
interval. In this section we will deal with the same process killed at certain hitting times. 
For the sake of convenience, we use here the notation Y for the canonical smooth process 
and W for its derivative. 

4.1 Stationary excursion measure 

We will now study the stationary excursion measure for a stationary process given by 
Pitman in [TT] . 

If t is a time such that Y t = and W t ^ 0, we will write e* or (e*) < s <^ for the excursion 
of Y away from started at time t, and ( for its lifetime, that is, C( e *) := inf{s > : 
Y t+S = 0} and e* := Y t+S for < s < (. 

It belongs to the set of vertical excursions £ , that is, the set of continuous functions 
t — > Y t , defined on R + , that have a cadlag right-derivative W, such that Y starts from zero 
(Yq = 0), Y leaves immediately zero (Y has a strictly positive lifetime ((Y)), and dies after 
its first return to 0. This definition is inspired by the terminology of Lachal [Tj, except 
that he considers the set of vertical excursions for the two-dimensional process. 

We write Pf u for the law of the Langevin process starting with position x and velocity 
u^O, and killed at its first return-time to 0. So it is a law on the set of vertical excursions, 
and under Pj~ u , the excursion starting at time is written e° and has law Pq u . 

Considering the stationary Langevin process and the homogeneous set {t, Y t = 0}, we 
define in the sense of Pitman [TT] the stationary excursion measure: 
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Definition 2. We call stationary excursion measure of the stationary Langevin process, 
and we write Q ex , the measure given by: 

Q ex (m) = E A [#{0 < t < 1, Y t = 0, e* G •}] . (4.1) 

We stress that this measure does not give a finite mass to the set of excursions with 
lifetime greater than 1, contrarily to the Ito excursion measure of a Markov process. By a 
slight abuse of notation, when A is an event, we will write Q ex (^A) for Q ex (A). 

We stress that for convenience we focus here and thereafter on the Langevin process; 
clearly this induces no loss of generality as the Kolmogorov process can be recovered from 
the Langevin process by taking derivatives. For instance, the law of the two-dimensional 
process (Y, W) under Q ex is equal to the stationary excursion measure for the stationary 
Kolmogorov process and the homogeneous set {t, (Y t , W t ) G {0} x M}. 

Our main result is the following: 

Theorem 1. 1) There is the identity: 

Q ex {Y G de) = / \u\W>l u (Y G dejdu. (4.2) 

J u=—oo 

2) The measure Q ex is invariant by time-reversal (at the lifetime): Namely, the measure 
ofY under Q ex is the same as that ofY under Q ex , where Y is defined by 

Y = Y ( _ s for0<s<(. 

Let us adopt the notation Q ex for the law of Y under Q ex . The second part of the 
theorem can be written Q ex = Q ex . 

Let a Langevin process start from location and have initial velocity distributed ac- 
cording to |u|ofat. Then the distribution of its velocity at the first instant when it returns 
to is again \u\du. 

This remarkable fact can be proved directly as follows. We use the formula found by 
McKean [10J, which gives, under P 0jU , the joint density of ( and W$, and which specifies 
the density of W^. For u > and v > 0, we have: 



Po, u (C e ds, -W C - G dv) = dsdv^exp ( - 2 V ~ uv + u ) [ s e -f *L, (4.3) 

7rv2s 2 V S J Jq ^nO 

and in particular: 

Q 13 

i II 2 77 2 

Po,«(-W f - G dv) = —^—^dv. (4.4) 

Z7T U -\- V 6 

This formulas naturally still hold when you replace P ,u by Pq u and by W^-. 
In the calculation, we actually just need the second formula. Let v be any positive real 
number. We have: 
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rO 

Qex(W c - edv) = / \u\W>l u (W ( - G dv)du 

J U= — OD 



u=—oo 
+00 

\u\F 0tU (-W c - G dv)du 

u=0 

, / 3 U2V2 

= vdv / ^ -du 

Ju=0 2nu i + v i 

= vdv. 

The integral gives one as it is the integral of the density of — under P 0)U , thanks to 
(I4.4p . The case v negative is similar and gives us Q e x{W^- G dv) = —vdv, as claimed. 

Proof of Theorem 1. 1) This proof is mainly a combination of the work of Pitman (TTJ 
translated to the Langevin process, and of known results on the Langevin process, results 
that we can find in [7J. 

We recall and adapt some of their notations. 

In [7], we consider the Langevin process on positive times, and the last instant that 
the process crosses zero before a fixed time T is written . In [TT], we write G u for the 
last instant before u that the stationary process crosses zero. The variable G u can take 
finite strictly negative values, while the variable cannot. If T is a positive time, then 
we can write = 1q t > q Gt- 

In [JTJ, the part (iv) of the Theorem (p 291), rewritten with our notations, states : 

P A (-oo < Go < 0, e Go G de) = Q ex (de)((e) (4.5) 

In [7J, the Lemma 2.5, p 129, states an important and simple relation, that can be 
written 

Pj„((lt, W t ) G dxdu) \v\dvdt = P X ,_ M (C e dt, -W ( G dv)dxdu, (4.6) 

and that is a main tool used to prove the Theorem 2.6. The points 1) and 4) of this 
Theorem state: 

KM T f,W T -) edsdv}/dsdv= \v\p s (x,u,0,v)F+ v {C > T - s}, (4.7) 

Ku [Ffo, ef ) I (rf , W T - ) = (s, v)] = E+ v [F(s, e° z )\( > T - s], (4.8) 

where F is any suitable functional, and e l z denotes the excursion of the two-dimensional 
process started at a time t such that Y t = 0. 

Let us now begin. From (14.51) . it is sufficient to prove the following: 



Pa 



r+00 

-00 < G < 0, e Go G de) = ((e) / |u|Po,«Q' e de)du. (4.9) 

J u=—oo 



2 Actually, the article of Pitman states Pa (—00 < G u < U, e G " G de) — Q e x{de)C,(e) for any u € 



9 



We start from: 

P A (-oo < G < 0, e G ° G de) = lim P A (-T < G < 0, e Ga G de), 

T — ►oo 

lim P A (0 <G T < T, e Gr G de), 



hm J dxdu¥ x>u (0 <G T <T, e° T G de). 



Hence we have: 



P A (-oo < G < 0, e G ° G de) = lim / dxduF XtU (0 < t t < T, e T ? g de). 



Let us write the term in the limit. 



= J dxdu J F XjU ({tt, W t -) G dsdv) ¥ XtU (e T T e tfe|(rf , W T -) = (s, «)), 
= | dxdu J n, u {{r-,W T -) G dsdv) F+ u (e T * G de\fo,W T -) = (s,v)), 
= J dxdu J dsdv\v\p s (x,u,0,v)F+ v {( > T- sjP+^e G de\( > T- s), 

where the integrals cover (x, u) G M. 2 , (s, v) G [0, T] x R. In the last line we used (14. 7p . and 
(1481) with the simple function F(s, (Y, W)) = ly ede . 
By Fubini, the last expression is also equal to 

J dv\v\ J ds^j dxdu p s (x, u, 0, v ) ^P^(e° G de, £ > T — s). 

= Jdv\v\J dsT% >v (Yede,s>T-((e)) 

dv\v\Fl v {Yede)(({e)AT), 
where we get the second line because 

dxdu p s (x,u,0,v) = / dxdu p s (0, — v; x, — u) = 1. 



Now, letting T go to oo gives us (14. 9p and completes our proof. 

2) We use the definition of Q ex by the equation (14.11) . The time-translation and time- 
reversal invariance of E A gives us the time-reversal invar iance of Q ex . □ 

We point out that the measure Q ex has a remarkably simple potential, given by: 

/ Q ex {(Y t ,W t )e*)dt = X(*). (4.10) 

JM.-L. 
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Proof. This is a consequence of (14.21) and (14. 6p . that gives: 

r r r+oo 

/ Qex{(Y t , W t ) G dxdujdt = dt \v\dvP% tV ((y t ,W t ) G dxdu) 

r r+oo 

= dxdu / / P^-uCC G eft, -W c G du) 

JR+ J-oo 

= dxdu. 

□ 

Finally, let us notice that we get a scaling property for the stationary excursion mea- 
sure, which is a simple consequence from (12.61) and (14.21) : 

Q e *(>(0^>o)) = k- 2 Q ex (F((k- 3 Y k 2 t ) t > )^, (4.11) 

where F is any nonnegative measurable functional. 

4.2 Conditioning and /i-transform 

In the preceding section we defined the stationary excursion measure, we described it with 
a simple formula and we proved its invariance by time-reversal. This is a global result 
for this measure. Now we would like to provide a more specific description according to 
the starting and ending velocities of the excursions. That is, we would like to define and 
investigate the excursion measure conditioned to start with a velocity u and end with a 
velocity —v, that would be a probability measure written Q u - V . 

Let us first notice that the measure Q e x(Wo G du, — G dv) has support {(u,v) G 
R 2 ,uv > 0}. It has a density with respect to the Lebesgue measure, that we write ip(u,v). 
This density is given, for u > 0, v > or u < 0, v < 0, by: 

V(%v) = ^{\u\¥ d 0tU (-W c -edv)duj 



3 1 


u 


3 
2 


V 


1 3 

2 


2tt 


u 


3 


+ | 


v\ 


3 



Definition 3. We write (Q u -,v)uv>o for a version of the conditional law of Q ex given the 
initial speed is u and the final speed —v. That is, for f : M 2 — > R and G : Sq — » R 
nonnegative measurable functionals, we have: 

Qe X {f(W ,-W c -)G) = j Q u;v (G)f(u,vMu,v)dudv. (4.12) 

It is clear that Q- u -- v is the image of Q u - V by the symmetry Y — > — y, for almost all 
(it, v), so that in the following we will only be interested in Q u . v for u > 0, v > 0. 
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From the time-reversal invariance of the stationary excursion measure, i.e Q ex = Q ex , 
we deduce immediately the following time-reversal property of the conditioned measures: 

Qu-,v = Qv,u for a. a. (u,v) E (R+) 2 . (4.13) 

Recall from the formula (14. 2 p that |w|Pq w is a version of the conditional law of Q ex 
given the initial speed u. It follows that we have the following formula: 

_1 J Q u . v (p(u,v)dv for almost all u > (4-14) 

The measure |u| -1 (/?(u, v)dv is the law of — Wq- under Pq m . Hence Q U]V is a version of 
the conditional law of Pq u given — W^- = —v. Before going on, we need precise informations 
on the variable — W^- and its law, under different initial conditions. The results we need 
are gathered in the following lemma. We take the notations R+ for R + \{0}, and D for the 
domain ((R;) x R) J ({0} x (R;)). 

Lemma 3. • For any (x,u) in D, the density of the law of the variable — Wq- under Pf M 
with respect to the Lebesgue measure on (0, oo) exists and is written h v (x,u) for v > 0. 
We have: 



g roc 2 

h v (x,u) = v $ (x,u; -v) - — / $o(x,u; fw)dfi , (4-15) 

L 2tt J h a + 1 J 

where $o(x, u; v) := $(x, u; 0, v) and 

POO 

$(x,u;y,v) := p t (x,u;y,v)dt. 
Jo 

For x = 0, this formula can be simplified as: 

Q 1 2 
27T U + V 6 

• The function (v,x,u) — > h v (x,u) is continuous on E := R^ x D. The function $o is 
continuous and differentiable on D x R. Moreover, we have the following equivalence for 
v in the neighborhood of zero: 



3 



h v (x,u) ~ h (x, u)v 2 , (4-17) 
where h Q (x,u) is given by 

j-, , 3 f _i<9$ , 
h (x, u) = — I a 2 — — (x,u;a)da. 
n J ov 

For x = 0, this formula can be simplified as 

h {0,u) = 

Z7T 
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This is a technical lemma, with a long proof that we report in the Appendix. 

The idea is now, thanks to this lemma, to prove that the law Fq u conditioned on the 
event — Wq- E [v,v + i]}, has a limit when 77 goes to zero. This limit is necessarily Q u . v a. s. 
Hence we get an expression for Q u - V , that will happen to be a bi-continuous version. 

Let us fix u,v,t> 0, and let <f) t be an ^-measurable nonnegative functional. We have: 



kmEZ u ((b t l c>t - W c - E [v, v + 11 ) = hm ' . f Tr 

v-o °' uyy C> 1 nj v->o Pg itt (-Wc- E [v,v + rj\) 

w a , K t w t (-Wc-e[v,v + y]) 

= EX„ 0flr>Mim i— : r— 

°' U V C ^1-0 Ku(-W<-E[v,v + V }) 
The limit exists and is equal to the quotient of h v (Y t , W t ) by h v (0, u). Hence, we get: 



for any t > 0, any .^-measurable functional (pf 

From the continuity of h we deduce that Q U]V is jointly continuous in u, v, (u, v) E 

(IR^) 2 . Furthermore, thanks to (14.171) . when v goes to zero, the quotient goes to ■ 
We deduce that the measures have a weak limit when v goes to zero, that we write 
Q u -Q. We have 



QuAMot) = Ku Uifrt ^:™? ) ■ (4.19) 

V ho(p,u) J 

This shows that these measures Q u - V make appear /i-transforms of the usual probability 
transitions of the Langevin process E . M . The /i-transforms are common when dealing with 
conditioned Markov process, see for example pQ, and in particular the chapters ^.7. and 
6.4- for the connection with time- reversal. 

Informally, in the case of two processes in duality, changing the initial condition for 
one process corresponds to changing the probability transitions of the second process into 
an /i-transform of these probability transitions. The /i-transform means the measure "con- 
ditioned" with using a certain harmonic function h, that we can write explicitly. 

We finish this section with giving the scaling property of the measures Q u - V , that follows 
for example from (12.61) and (14.121) : 

Proposition 1. For any u > 0, v > 0, we have: 

Qu;v(F((Y t ) t > )^j = Q kU ; kv (F((k~ 3 Y k2t ) t > )^, (4.20) 
where F is any nonnegative measurable functional. 
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5 Reflected Kolmogorov process 



We begin this section on a new basis, with introducing a process that has been studied 
recently. This is only in a second part that the definitions that we developed before will 
be used for that process. 

5.1 Preliminaries on the reflected Kolmogorov process 

The question of the existence of the Langevin process reflected at a completely inelastic 
boundary was raised by B. Maury in 2004 in j9]. The answer came in [2J, where J. Bertoin 
proves the existence of that process and its uniqueness in law. We also mention another 
paper [3J that studies the problem of the reflected Langevin process from the point of view 
of stochastic differential equations. 

Definition 4. We say that (X, V) is a Kolmogorov process reflected at a completely inelas- 
tic boundary ( or just reflected Kolmogorov process ) if it is a cddldg strong Markov process 
with values in R + x R which starts from (0,0), such that V is the right- derivative of X , 
and also: 



and which "evolves as a Kolmogorov process when X > 0", in the following sense: 

For every stopping time S in the natural filtration (J-t)t>o of X, conditionally 
on Xs = x > and V$ = v, the shifted process (Xs+t)t>o stopped when hitting 
is independent of J-'s, and has the distribution of a Langevin process started 
with velocity v from the location x and stopped when hitting 0. 

We say that X is a Langevin process reflected at a completely inelastic boundary ( or 
just reflected Langevin process) if (X, V) is a reflected Kolmogorov process. 

In the following we choose the vocabulary and the notations of the one-dimensional 
process, that is the Langevin process, to state our results. 

In his paper Bertoin gives an explicit construction of a reflected Langevin process: 
Starting from a Langevin process Y, he first defines a process X using Skorokhod's reflec- 
tion: 



Let us notice that an excursion of that process does take off with zero velocity. However, 
that process cannot be the right one because 





while we require 




dt = a.s. 
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Further, it is easy to check that (X, V) fails to be Markovian. But Bertoin then introduces 
a change of time, with writing 



T t := inf{ s > : 




x u >o 



du> t 



} 



and 



X t :=XoT t . 



This process X is a reflected Langevin process. The same paper also proves |f| the uniqueness 
of the law of a reflected Langevin process, so that we will speak about the reflected Langevin 
process. In the rest of the paper, we will concentrate our attention on what is one of the 
first steps in the study of this process, that is to say its Ito excursion measure. We recall 
that it is unique up to a multiplicative constant. 

5.2 Ito excursion measure of the reflected Langevin process 

In this section we will thus deal with the excursions of the reflected Langevin process. For 
the sake of convenience, we use here the notation X for the canonical smooth process, V 
for its derivative. 

We consider the "set of ends of vertical excursions" £, that is the set of excursions, 
except that we do not require anymore that the excursions should start from position 0. 
This set, endowed with the supremum norm of the process and its derivative, is a metric 
space including £q. In the following, we write F : £ — > R for a general continuous bounded 
functional which is identically on some neighborhood of the path X = 0. 

We are ready to state a first formula, given9 by Bertoin [2]: 

Proposition 2. The following limit 



exists and defines uniquely a measure on £ with n(0) = ; and which support is included 
in £q. The measure n is an ltd excursion measure of the reflected Langevin process. 

This is to say, we get an expression for the Ito excursion measure of the reflected 
Langevin process as a limit of known measures. 

This result resembles the classical approximation of the Ito measure of the absolute 
value of the Brownian motion by x _1 Pf , where Pf is the law of the Brownian motion 
starting from x and killed when hitting 0. 

As a consequence of this expression, we can give the scaling property of this measure, 
also mentioned in [2J, Proposition 2: 

3 The idea of the above construction is still a central point of the proof 

4 Actually Bertoin states this result in a slightly different form, as the set of excursions he considers is 
not the exactly same as the one we consider here. Nevertheless, his argument still works in our settings. 



n 



(F(X)) := lim . x-*E%(F(X)), 
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Corollary 2. We have: 

n(F((JQ) t >o)) = k^n(F((k- 3 X k 2 t ) t > ) 
for any nonnegative measurable functional F . 

Proof. Let F be a general continuous bounded functional which is identically on some 
neighborhood of the path e = 0. The proposition gives us: 



n{F((X t ) t > )) = \hn + x- l eE d X;0 (F((X t ) t > )) 

= kUim(k 3 x)-^ 3x0 (F((k- 3 X k2t ) t>0 )) by (USD 
= k^n(F((k~ 3 X k 2 t ) t y )). 

The result follows. □ 

We give here two new expressions of the Ito excursion measure of the reflected process. 
The first one is similar to the one above, expressed as a limit. But it is a limit of laws of 
the process starting with a zero position and a small speed, instead of a zero speed and a 
small position. 

Theorem 2. The following limit 

n'(F{X))= lim + u~>E d 0>u (F(X)), 

exists and defines uniquely a measure on £ with n'(0) = ; and which support is included 
in £q. We have: 



This formula is useful because we have more explicit densities for the law Po iU than for 
the law P Xj o (cf (14.31) and (14.41) ). For example, we can easily infer the following corollaries: 

Corollary 3. The joint density of ( and Vt- under n' is given by: 



/ Zv f v \ 
n'(( G ds, |Vf-| G dv) = 6y - 5 exp y — 2 — jdsdv. 

Remark. Taking the second marginal of this density, this gives the n'-density of — Vt 



n'(|Vf-| G dv) = —v *dv. 



This improves Corollary 2 (ii) in [2]. 
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Proof. It is easy to check, for example from the corresponding property for the free 
Langevin process, that \V^-\ ^ n'- almost surely. But X — > (((X),\V^-\) is continu- 
ous on |V£- 1 ^ thus we can use the limit formula to get the density: 



- urn a ^ 

Now, using (14.31) . we can calculate: 



n'(C G ds, \V c - \ G dv) = limu-5]Pj u (C G ds, \V ( - \ G dv). 



_i 3v ( u 2 — vu + v 2 \ f~ _3e d9 

u 2 — = — exp — 2 / e 2 . 

nV2s 2 V s J J ^9 

3fu~ 2 / u\ / s dv 



V2s 2 exp ( 2 s ) / y^O 



7TV ZS' 

6\/2 / f 2 
— 3-V "T ex P - 2 — ;> 

7T2 V S 5 V S 1 



so that we have, as stated: 

1j3 / v 2 \ 

n'(( G ds, \V{-\ G dv) = cy — exp y — 2 — jdsdv. 



□ 



Corollary 4. The measure ho(x, — u)dxdu, x > 0,u £ W, is invariant for the reflected 
Kolmogorov process. 

Proof. It is well-known that the occupation measure under the Ito's excursion measure 



fi(dx,du) = n ( / ±z t &(dx,du)dt 
\J[0,C] 



[o,C] 

is an invariant measure for the underlying Markov process (cf Theorem 8.1 in [I]) 
This enables us to calculate: 

../// 

M 



H(dx,du) = limv ^Eq v [ / lz t e(dx,du) 

= limu-W F° v (Z t e(dx,du))dt 



dxdu lim v 2 x ' u ^ — — by (14.61) 

v^o dv 

ho(x, —u)dxdu by Lemma [31 



□ 
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Proof of Theorem 2. In order to prove n' = c\n, it is enough to prove that n'(F(X)) = 
c 1 n(F(X)), for F a Lipschitz bounded functional. The idea of this proof will be to compare 
the quantities 

u-ml a (F(X)) and o 6 T0 (X)), 

where 9 is the usual translation operator, defined by 

©t((-X's)s>o) := (X t+S ) s > , 

and t x is the hitting time of x for the velocity process. 

First we will control the difference, cutting the space on two events, the event that 
r is "small", on which we will use that F is Lipschitz, and the event that r is "big", 
that has a small probability. Next we will use a Markov property to see that the quantity 
u~^Eq u {F o © ro (X)) can be compared to n(F). 

As a preliminary we prove some estimates: 

• We write P n for the law of the Brownian motion started from u. We write r x for 
both the hitting time of x for the velocity process under Pq u , and the hitting time of x for 
the Brownian motion under P M . Let a be a constant. A simple calculation based on the 
scaling property of the Brownian motion and on the reflection principle gives: 

u ~^o,u( T o - au ) = u ~^ P u(t > au) 

= u-^P (r i i > 1) 



= u 2P(yV(0, 1) G [—a 2ui,a 2^2]) 



where J\f(0, 1) is a Gaussian variable with mean zero and variance 1. 

• Let us write h for the supremum of the absolute value of the velocity process. Let b 
be a constant. We have: 



< u-^¥ , u (r b < T ) + «-3 f F 0jU (Y T0 e dx)¥ d xfi (h > b) 

< y + J P , u (r TO G dx)x 1 ef(x), 

where the function / : x — > x" ~eP£ Q (h > b) is bounded and has limit /(0) = n(h > b) at 
zero, thanks to Proposition 2. In the sum, the second term is thus equal to: 

u-^E , u (xkf(X T0 )) = U^Eo^X^f^Xr,)) 

= E 0:1 (xif(u 3 Xj) 
^0 E OA (xi)f(0), 
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where in the second line we used the usual scaling property for the Langevin process. 

i 

We write c± = E 0j i(Xr ), so that we have the bound: 

i 

1 11 2 

u~^ u (h > b) < — + Cl n(h > b). 

We would like to prove that C\ is finite. We can actually calculate it explicitly. Indeed, 
thanks to Lefebvre [8] we know that the density of the variable X TQ under Po,! is given by: 

3e237T 

so that we can calculate: 

ci = / ^Po,i(Xr e <%) 
Jr + 

r(|) /• r 2 

23^6 7? JR + 

2tt3o Jr + \2J 

- (§)'K)- 

Let us notice that this is the constant that appears in the theorem. 

• We are ready to tackle the proof of this theorem. We write I for the Lipschitz constant 
of F. We have: 

u^El u (\F(e) - F o e T0 {e)\l T0<au>h<b ) < vr*l(au)b 

< abu^l, 

and 



U 2j 



$V$ )U (\F(X) - F o TO (X)|l ro > an or h>b) 
< (2 sup(F)) | J^aT? + y + cm{h > b) 



thus we deduce 



limsupu-3Ej u (|F(X) -Foe ro (X)|) < (2 sup(F)) ( \J^cT* + c x n(/i > 6) 
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The lim sup is bounded by this expression, a and b being any positive constant. Letting a 
and b go to infinity shows that 

hmn-^ n (|F(X) - F o 6 ro (X)|) = 0. 

• Next, we just need to prove that u~^~Eq (F o ro (Jf)) has a limit when u goes to 
zero, and that this limit is Cin(F(X)), in order to get that n' is well-defined and equal to 
Cin. 

The calculation is similar to the one above, that we did with lh>b instead of F. Here 
again, the Markov property gives us: 

u-^ u (Fo& T (X)) = «-3 j^ u {X T edx)x*f F {x), 

where the function fp : x — *> x~s Ef {F(X)) is bounded and has limit / F (0) = n(F(X)) 
at zero. We thus have: 

u-5Ej M (Fo9 T (I)) E o , 1 (Y?)f F (0)=c l n(F{X)), 
and the theorem is proved. □ 

The second new expression we get is different, this time the measure is given as a 
mixture and not as a limit. Recall that the probability measure Q u -o has been defined in 

dm. 

Proposition 3. The measure n' is also given by the expression: 

n'(F(X)) = ^[ u--*Q u; o(F(X))du, (5.1) 

where (X t )o<t<c ^ s defined by X t = X^-t- 

The price to pay is that we need to consider the time-reversed excursions and to use 
the laws Q u -q instead of P^- That is, the probability transitions of the excursions are no 
more the ones of the Langevin process, killed at zero, they become the /i -transforms of 
these, as written in (I4.19p . 

Proof. This proposition is a consequence of the material developed in Section 4.2. Indeed, 
we have: 

n'(F(X)) = limt*-*E* B (F(J0) 



limw-i / Q u . v (F(X))<p(u,v)dv from flH3J 



^-v-iQ„. )s (F(X))dv, 
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where in the third line, we wrote the expression of ip and used (14. 13[) . □ 

6 Appendix 

Proof of Lemma 3. The first part of the lemma is just a summary of known results, the 
case x = is nothing else that the formula (14.41) written for the killed process (as mentioned 
just after the formula), while the general case is given by Gor'kov in [5] and Lachal in [6]. 
In this article Lachal also underlines that taking x = in (I4.15P does yield (14.161) . 

For the second part we first prove that $o and h are well-defined and continuous EL 
For this we just give rough bounds and use the theorem of dominated convergence and 
the theorem of derivation under the integral. The main technical difficulty stems from the 
number of variables. 

We have 

\/3 

p t (x,u;0,v) = — exp ( - R(x,u,v,t)), 
where R(x, u, v, t) is the quotient: 

R(x,u,v,t) = — (x + tu) 2 + — (x + tu)(v — u) H — (v — u) 2 
t 6 t 2 t 



1 3 

-(3x + tu + 2tv) 2 + + tu) 2 



1 

The quotient R is nonnegative. 

Let (x ,u ,v ) be in D x R. We search for a neighborhood of (x ,u ,v ) (in DxK) 
on which the integrand is bounded by an integrable function (of t). This will prove that 
$o is well-defined on this neighborhood and continuous at (x , m , fo). We distinguish two 

cases: 

1) xo 7^ 0: Then R(x,u,v,t) is equivalent to ^ in the neighborhood of (xo, uo, t>o, 0), 

thus it is bounded below by ^ on a Vx]0, e], where V is a neighborhood of (x q ,Uq, Vq) 
and e a strictly positive number. 

On V, Pt(x, u; 0, v) is bounded above by the function 



/ \ / 5x 2 \ , . \/3 

l ]0je] (t)^exp l] 6 ,oo[(t)^2, 



which is integrable. 

2) xo = 0: Then u > 0. On a neighborhood V of (0, Uo, vq) we have u > 2 j 1 , thus we 
have 

i?(x, M ,^,t)>^(x + ^) 2 >^, 
and thus the function p t (x, u; 0, d) is bounded above by 



J Note that Q(x, u; y, v) = $o(x — y, u; v). 
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which is integrable. 

We thus proved the continuity of $ . A similar method proves that $o is infinitely 
differentiable. To get a continuity result on h, we will need some bounds for $o(x, u, v), 
but only for v > 0. 

For v > 0, we have R(x, u,v,t) > thus we have: 



$ ( W ) < ^ ^exp^-— 



2v/3 2 

^ IT' • 

If (xo, Mo, ^o) is a given point in E = IR+ x .D, then in the neighborhood of this point we 
have v > y and we deduce: 



3 



-2 



which, considered as a function of /i, is integrable on R. 
The function h is thus well-defined and continuous. 
We now study the behavior of h when v is small. 



1 

-/ 

v 





r " § * 


' 2tt j 


'o A" 3 +l 


3 




~ 27 


A fi 3 + 1 



$0(^5 fiv)d[i 



&o(x,u, fj,v)dfi + 0(v) 



E[$ o (x,u,0)-$o(x,u,vZ)] +0(v), 



3 ^ 

where £ is a random variable with law the probability measure — — rf/x. We next 



observe that: 



2tt /i 3 + 1 



where we have written f v {ii) = — i>~2P(£ > iiv~ 1 )^-{x,u, ii). 

But the probability P(£ > a) is equivalent to - a~5 when a goes to infinity, and bounded 
by the same -a~5 for any a. On the one hand we deduce that the continuous functions /„ 

3 _ 1 <9$ 

converge weakly to the function fo'.u^ u — (x, u, u) when v goes to zero, on the 

7T ov 
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other hand that \f v \ < |/ |. We just need to prove that f is integrable with respect to the 
Lebesgue measure. We have: 



d$ 

dv 



x, u, v) 



dpt 
dv 



'x, u; 0, v)dt 



/6x 2u Av\ . . , 

+ T J Pt ^' U] °' v > dt 

= I ^ (3x + tu + 2tv) exp ( — R(x, u, v, t))dt. 



On the one hand, we have 
d% 



dv lW 



< ?>x 



f 2^3 / 3 , ,,\. n . f 2V3 / 3 , ,,\ 
J e W (--(x + tu))\u + 2v\J —e^(--(x + tu)) 



2VS 



TTt 4 

< (A + Bv), 

where A and B depend only on x and u. 
On the other hand, we have: 



< 



dv 
6\/3; 



{x,u,v) 



7T Lt* 2t) TT L t 3 l \ 2tJ 



< Cv~ 7 + D(u + 2v)v~ b , 

where C and D are constants. 

Let us gather the results. The function |/ | is bounded by a 0(/x _ 2 ) in the neighborhood 
of zero and bounded by a 0(/i~ 3 ) in the neighborhood of infinity, thus it is integrable. □ 
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